On the Shape of Thread-like Molecules in 


solutions 


by 
WERNER KUHN (Karlsruhe) 


February 6, 1899 — August 27, 1963 


Received May, 18", 1934 


(Kolloid-Zeitschrift, Vol. 68, page 2-15, 1934) 


1 Introduction 


The views that have been put forward so far about the presumed shape of thread- 
like molecules in solutions differ widely, and the question has turned into focus as a 
result of recent investigations into the viscosity and stream birefringence in sols with 
elongated, spherical, rigid or deformable particles. Based on such considerations, 
one is able to explain for example, how the viscosity must behave as a function 
of the molecular weight, [6], as soon as one makes certain assumptions about the 
geometric shape of the individual particles. By comparison with experience, it is 
then necessary to decide whether the assumptions made are correct or not. 

In this way, the idea that the molecules of highly polymeric substances, such as 
rubber or cellulose, exist in solution as elongated rigid threads, which was held 
until recently by STAUDINGER, [10, 11], can be definitely ruled out, based on the 
measurements published by STAUDINGER himself about the viscosity of sols of 
these substances. STAUDINGER states that for chain molecules in the range in 
which molecular weights can still be determined using thermodynamic methods, 
the specific viscosity jsp) = Pe — 1 of equilibrium concentrated solutions increases 
in proportion to the molecular weight of the substances added to the solution. 
If the particles were rigid and straight, as STAUDINGER assumes, i Nsp would be 
proportional to the square of the molecular weight. The statement = Nsp ~ MUM 
therefore excludes the assumption of straight and rigid particles, and the solution 
to the problem does not lie in a change in the theory of the viscosity of suspensions 


2 Statistical determination of the shape of ”randomly” tangled thread-like 
particles 


of long straight rods, but rather in a change in the assumptions about the shape of 
the particles. 

An attempt in this direction should be made through the following considerations!?. 
Well-defined assumptions should be made about the statistical behavior of thread- 
like particles and, on the basis of these assumptions, their average shape and their 
influence on the viscosity should be determined. Even if the solution will not be 
satisfactory in every respect, compared to the case of completely elongated rods 
considered first, it represents a second case, that of randomly” tangled thread-like 
particles. 

An approach according to which thread-like molecules in solution are not completely 
elongated, but rather more or less bent, was tried some time ago by W. HALLER, 
[4, 5]. According to these considerations, the elongated molecule is considered to 
be the actually stable molecule, and the question is asked about the bends of which 
it is affected due to the thermal forces in the solution. Although I consider the 
treatment of this question to be interesting, I do believe that the treatment of the 
case of randomly” tangled particles may, under certain circumstances, come closer 
to the actual conditions. The angulation and free or partially free rotation will 
mean that in addition to the almost completely elongated shape of the molecule, 
countless other shapes are possible, all of which correspond nearly to the same 
energy and whose shape deviates arbitrarily from the elongated shape. We ask about 
the shape that can be expected as a median under such conditions. The question 
is of a statistical nature and shall be dealt with using a statistical method. The 
method of treatment will be quite general, applicable both in the case of practically 
present and practically absent free rotation. 


2 Statistical determination of the shape of 
"randomly” tangled thread-like particles 


If a chain-shaped structure is given with similar or alternating bonds and if I place 
the starting point in the zero point of a coordinate system and the bond 1 —> 2 
in the direction of the z axis, then the bond 2 —> 3 will no longer point in the z 
direction due to the valence angulation (see Figure 2); The angle that the bond 
3 — 4 makes with the z axis will still have more quite different values, and it 
is foreseeable that after a number of steps forward in the chain, the direction of 
progression from the s-th chain link to the (s + 1)-th chain link can no longer be 
predicted based on the direction of progression of 1 — 2. If the entire chain has 
Z links, I can decompose it into 4 = N segments, which are characterized by the 
fact that the direction of progression in each individual part does not depend on the 


‘As was shown during a discussion at the IX. International Congress for Pure and Applied 
Chemistry in Madrid, considerations of a partly similar nature were also made at the same time 
by H. MARK, which should already be pointed out here. 
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Figure 1: Example of the structure of a complicated tangle or randomly coiled 
thread-like molecules respectively 


direction of progression of the previous one and that, for example, the direction of 
the transition 2s — 3s does not depend on the direction s + 2s. As a result of 
this random” juxtaposition of the individual parts, the structure of a complicated 
tangle will emerge (Figure 1), the properties of which will now be examined. 


On average, each of the N segments will have a length of size A, and one can 
then imagine the progression in the chain as an ongoing progression by a straight 
piece of length A and after each step one determines, e.g. by rolling a dice, in 
which direction the next step should be carried out. How large the quantity s is in 
a given case and how large the corresponding distance A becomes depends on the 
size of the valence angle, the perfection of free rotation and the standard distance 
of the individual chain links (distance 1 + 2 in Figure 2) etc. We want to denote 
the distance 1 + 2 with /. In the case of perfect rotatability and a fixed valence 
angle, we will be able to determine a relationship between A, /, s and the valence 
angle by combining it with an examination of H. EyRING (Equation 15a). 
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Figure 2: Chain-shaped structure with bonds 1, 2, 3, 4 of different valence angles 
between chain links of length | 
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x 


Figure 3: Progression of the z coordinate when changing the absolute step length 
A 


3 Dealing with the one-dimensional problem 


To simplify the task even further, instead of generally looking for progression in 
three-dimensional space, let us first consider the change that the z coordinate will 
undergo on average at each of the steps described above. If each step has the length 
A in absolute terms, then the progress in the z direction is A, = A-cos(v) and is 
independent of y (Figure 3). 

If all angles ? and y are equally frequent, then we have on average: 


A2 2a us 
ke i cos’() sin(#) sin(y) dv dy 
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On average, with each step we move the distance b, either in the positive or negative 
z direction”. If we want to determine the value of the z coordinate of the end point 
of our chain (link no. N) by considering probability, we have to draw lots N times 


between the numbers 1 and —1. If Ny, times +1 and No» times —1 is drawn, where 


Ni+No=N, (1) 


A 


XN 


a 


the z coordinate of the end point of the chain becomes: 
A 


n= 
‘v3 


2With this consideration, it cannot be ruled out that one and the same point in space is occupied 
by several different links of the chain; The considerable space requirement of the individual chain 
links is initially neglected. This is important because a correction will need to be introduced 
later. 


(NG INay = BANE aN (2) 


3 Dealing with the one-dimensional problem 


The probability that the end point of our chain has the value —7b in the z coordinate 
is, for example, equal to the probability that N, — No = —7 in the described N 
times of drawing lots, regardless of the order in which the result N;, No is obtained. 
If N is large, the described procedure is correct. There is no objection to the fact 
that the steps A are in reality not the same size and that the absolute values of A, 
are, a fortiori, of unequal size in the individual steps, as one can easily consider 
when calculating the averaging in a different order as it was done above. 

Since the result +1 or —1 shall be equally probable in every lottery draw, the 
probability of the result N,, No is equal to 


" _ iL N N! 7 1 - N! (3) 
N1,N2 — 9 N,!- No! AD N,! - (N — N;,)! , 


It will be largest if 


dln (Wy, N-N,) 
dN, 
According to the formula of STIRLING there results: 


= 0. 


In (Wy, n-n,) = Ni: (In(Ny) — 1] + (N — Ni): [In(N — Ny) - J] 


and hence we have 


din(Wm,w-mi) 9 
dN, 
N 


INE SS hg oe (4) 


The most likely shape of the thread-like molecule corresponds to the case Ny = No, 
i.e. the case that the starting point and end point of the thread coincide. This 
is very similar to MAXWELL’s law of velocity, where the most probable velocity 
is zero. Similar to there, we are not only interested in the most likely N, value 
itself, but also in particular in the N, values that are close to the most probable 
one. For this reason, we expand Equation 3 in the neighborhood of Ny = sN . We 
are looking for the probability that N, = 5N +a, and hence Np» therefore equal to 
5N —a. Substituting into Equation 3 we get: 


ie N! 
Werte Wo= (5) “Epa Gray 


which, by evaluating based on the STIRLING formula, becomes: 


2a? 
In(W,) ~ -—. 
n(Wa) = —e 
Hence F 
2a 
W,, =const.-e7 ™ . (5) 
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To determine the constant in Equation 5 (the precision of STIRLING’s formula is 
not sufficient in this case) we use the fact that 
+4N 
W,da= 1 


1 
-3N 


in that the probability that N, is between 0 and +N and therefore a is between 
—* and +*% must be equal to 1. If N is assumed to be large, the limits can be set 
to —oo and +00 without noticeably changing the value of the integral. With that 
is follows that 


+oo a2 N +oo 
const. - | eX da = 1=const. - 4/ es , ee dr 
Vo 
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and from Equation 5 we get: 


2 1 2a2 
W,=1/—-—-e Fr. 6 


The probability that the end point of the chain is shifted by an absolute value 
between 2b-a@ and 2b-(a@+da) in the positive z direction in relation to the starting 
point of the chain, results in, by taking Equation 6 into account 


en, ub _ 202 
W, da = N Vr da, (7) 


in that the following relationship holds for the z coordinate of the end point of our 
chain: 


= const. - 


2A 
etn a ee a=. (8) 
Substituting this into Equation 7 we get the probability that the end point of the 
chain lies between z and z + dz according to: 


1 1 


Wide oes “azn d (9) 
z,az=T: -——=-:e 20°-NdZ. 
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4 Dealing with the three-dimensional problem 


To return to the spatial problem, i.e. to the question of where in space the end 
point of the chain is to be found if the starting point is placed at the zero point of 
the coordinate system, we note that the relationships for the x and y coordinates 
are exactly analogous to Equation 9. Furthermore, we note that the probability 
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that the chain endpoint has both a z coordinate that falls between z and z+ dz 
as well as a x coordinate that falls between « and « + dz and a y coordinate that 
falls between y and y + dy is equal to the product of the corresponding individual 
probabilities. We then have: 


W,:-W,-W,-da-dy- dz 


( : : ) Heat dulya (10) 
——— .—=] -e 20n drdydz. 
V2N-b VT 

For all volume elements of the same size that have the same distance r = 
\/x2 + y? + 22 from the coordinate start point, the probability that the chain 
end point coincides with them is the same. The probability that the chain end 
point has a distance from the starting point that lies between r and r + dr is 
therefore given by Equation 10, in that over the volume elements is integrated 
which fulfill the required condition. We therefore get: 


1 
W,.dr = | ————— 
(; -V2a0N 


Ve". 9 2 
= qi pee Sa Be 11 
(- =) ‘e e€ r- dr (11) 


It is easy to convince oneself that, as it must be, ie W,dr = 1. W,dr is the 
probability that the end point of the chain is distant from the starting point by 
the distance r to r + dr (end-to-end distance or end-to-end vector respectively). 
By using Equation 11 we have the ability to answer any questions that concern the 
frequency of given distances depending on the chain length (number of links). 


3 2 
— es 
) -e€ 20=N -Aqr? dr 
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For example, we ask about the probability that the end point of the chain will be 
within a small distance B from the starting point of the chain. In the exponent of 
Equation 11 there is oe << Po <1, because N should be a large number. The 
exponent of Equation 11 can therefore be set as small for this calculation and the 


value e202" ~ 1. We then have: 


This quantity indicates how often, on average, the end of the chain consisting 
of N segments per cm® can be found in a volume element that is very close to 
the beginning of the molecule. For example, (C),9 = 10° would mean that the 
probability to find the end of the molecule being at a distance of 2 x 10-°cm 
or at an even smaller distance from the beginning of the molecule, is equal to 
107°. & . 23. 10-*4 = 3.35 - 107%, i.e. that around one in 300 molecules would 
fulfill this condition. In any case, the number of thread-like molecules that have an 
almost ring-shaped constellation is expected to be proportional to (C),—9. This 
value would therefore have to be proportional to the probability that two functional 
groups (e.g. an NH and a Cl group), one of which is at the beginning and the other 
at the end of the chain, will get in contact and react with each other. From the 
relationship Equation lla it would be clear that this probability is to be expected 
to be in proportion to N -3 in the case of a random” shape of the thread-like 
molecule. Perhaps by comparing the rate of ring formation, [12], in long-link chains 
it will be possible to gain an indication of the extent to which this is true or 
the extent to which special conditions are created as a result of parallel arrange- 
ment of individual chains or parts of them. It appears that special conditions 
must be inferred to some extent from viscosity data. The discussion about abso- 
lute reaction rate of ring formation also points to the existence of special conditions: 


As will be shown below, for paraffin hydrocarbons with a number of carbon 
atoms Z = 20 we get something like: N - b? = 30-107'° and thus (C),-9 = 
3.85 x 10??cm~?. This means: the end of the molecule would be contained in the 
volume elements surrounding the beginning of the molecule in a concentration of 
3.85 x 107° particles per cm? or e102 385° 107? = 0.6mel L=4, 

Therefore, if the thread-like molecules capable of ring formation are set in a 
concentration of 0.6molL~!, then one end of a molecule has the same probability 
of being found in the vicinity of the opposed end of the same highlighted molecule 
like the reactive end group of a different molecule. At this concentration, the 
probability of ring formation should be comparable to the probability that the 
group located at the beginning of molecule 1 reacts with the reactive group located 
at the end of another molecule. (The rate of ring formation is comparable to the 
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rate of polymerization.) From the results obtained when studying the formation of 
rings from carbon chains with a high number of chain links by K. ZIEGLER, [12], 
it can be seen that the probability of ring formation is much smaller than would 
be expected based on the considerations just made. This is probably due to the 
fact that the movements of the molecular thread are not sufficiently dynamic, as 
individual parts of the thread stick together, preventing the rest of the thread from 
diffusion, at least temporarily. One could also express this by saying that the end 
of the molecule inside the tangle diffuses more slowly and, in a sense, is subjected 
to a greater viscosity than in the free solution. In any case, this consideration 
shows that the present experiments on ring formation rates are not sufficient to 
ensure a “randomly” entangled form of the dissolved thread-like molecules, and 
that these experiments rather support the theory of a partially entangled, partially 
elongated structure of these molecules than to refute it. 
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In addition to the probability of the occurrence of certain distances, any average 
values can also be calculated using Equation 11, the consideration of which will 
lead to an interesting addition to the previous considerations. 

We have, e.g. based on Equation 11 


rai f8 vi. anova. JX (12) 


re=N-A?=3N-0'. (13) 


The latter expression now allows a combination with the result of a calculation 
made by H. EyRING, [3]: EYRING assumes that each C-C bond forms an angle 
with the previous one which deviates from 180° (straight line progression) by the 
amount (, and that there is free rotation around each individual bond. He then 
develops a general formula for the distance square of the first from the (Z + 1)-th C 
atom (Z = intermediate links) depending on all the angles that occur and obtains 
by averaging: 


r2=(.[Z+2-(Z—1)-cos(8) + 2- (Z — 2) - cos’(8) +--- 
+2-cos*~1(8)] . (14) 


It is assumed that all conceivable angles due to the rotatability are taken into account 
with equal weighting when averaging. We will see below that the assumption is not 
entirely permissible, because if this assumption were to be used, a single point in 
space would possibly be occupied by several atoms of the thread-like molecule (e.g. 
by the fifth, eleventh, nineteenth and twenty-fifth), which is physically inadmissible. 
So the space filling caused by the chain itself is neglected, which corresponds to 
the treatment carried out in our previous statistical analysis. 


10 
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In the case of carbon chains, the tetrahedral angle is known to be 110°, so 6 = 
180 — 110 = 70°; cos(3) = 0.333... For large values of Z we generally use instead 
of Equation 14: 


= 1+ cos(3) 
ad i 105) 
F 1 — cos(() ) 
So by comparing with Equation 13 we have: 
= 1 + cos(f) 
PNA aN HZ =<. 16 
: 1 — cos(8) ee) 
1+ cos(8) 
AAS st 15 
1 — cos(8) ey) 


We add to this the interesting remark that our case N = Z, A =1/ (Z-link chain, 
each chain link of length /, complete rotation and undetermined, statistically variable 
valence angle) exactly matches the case Z, 1, 8 = 5 (Z-link chain, each chain link 
of length J, valence angle set equal to 90°). In both cases we namely have: 


ee ee (16a) 


The resulting shape of a Z-link chained thread-like molecule is therefore the same 
whether one allows the valence angle to be equal to 90° with free rotation or 
whether one statistically let it assume any value between 0 and 7. 


But the cases of differently fixed angle @ are also made accessible to treatment 
through this consideration. Using Equation 16 we can introduce the size Z - I? 
instead of N - b? into the distribution function Equation 11, and we then get: 


2 


2 ea ee ee 
Wie 3/8. r se 2 iz. pteosth} (17) 
27 . Lteos(B) \ ? 
(( Z een 


and instead of Equation 13: 


paz [ova freed as) 


If the value for C-C bonds (0.333) is substituted for cos((), we get: 


1+cos(8) _ 
1—cos(8) 
and hence we have: 
2 
— 3 3 ; c aie ea ay (19) 
2V ar (I2Z)2 
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_ 4 £8 
rai ft .vz (20) 


re=2-2.Z. (21) 


Equation 17 is of great importance because it represents the probability of finding 
the end point of a Z-linked chain at a distance r to r + dr from the starting point 
solely as a function of the number of links Z, the length of the individual chain 
segment | (Figure 2) and the angle  (@ is equal to 7 minus valence angle). In the 
case 3 # 5, in order to provide sufficient support for the statistical analysis, we 
were initially forced to divide the Z-linked chain into N segments consisting of s 
chain links. We had tentatively set the length of these s-linked sections equal to 
A or equal to V3-b respectively. From Equation 15a we now see the necessary 
connection between A, s, / and @. It can also be seen that (because N -s = Z) by 
inserting Equation 15a into Equation 11 the relation Equation 17 always results, 
irrespective how large s was chosen if only A is calculated from s, / and @ according 
to Equation 15a. In particular, in Equation 15a s, the number of links by which 
one must proceed in the chain so that the further direction of progression with 
each step can be considered independent of the former one could be set equal to 1 


1+cos(f) 
1—cos(f) 


if the progression distance corresponding to this step is set equal to | - 
instead of /. 

This means that to calculate the spatial mass distribution in chain molecules in 
which there is free rotation around each C-C bond and in which each bond connects 
to the previous one at the valence angle 7 — 6, we can pretend that in addition to 


complete rotatability, the angles of successive bonds could also assume any value 
1+cos(f) 


with equal probability instead of 7 — 3, if we generally use a value | - T= c08(8) 


instead of the true C-C' distance I. 

The essential prerequisite for the quantitative description of these calculations is, 
as it should be emphasized again, Equation 14 given by EYRING or Equation 15 
resulting from the former for large values of Z. Without this equation, only an 
approximate indication of the absolute value that should be taken for the quantity A 
according to Equation 15a and which has to be inserted into the previous equations 
would be possible. On the other hand, the form of these relationships and the 
existence of a quantity A remain preserved even beyond the validity range of 
Equation 15, especially even if free rotation is only partially present. Furthermore, 
Equation 11 differs from Equation 15 in that the former relationship (in contrast 
to the second) allows an indication of the relative frequency of occurrence of the 
various molecular constellations due to the free rotation, which, as already suggested 
in an example, can be important for reaction kinetic considerations. 
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¢ Average mass distribution in the ”random” tangle; 
Space filling effect 


In the following, another problem that belongs to this complex of questions will be 
considered, namely the question of how, on average, one should imagine the mass 
distribution in a large thread-like molecule bent into a tangle or coil respectively. 
We turn back to Equation 19, although it should be noted that the somewhat more 
general Equation 17 or Equation 11 could also be used instead. Z is assumed to 
be a large number (e.g. greater than 10). The beginning of the chain molecule is 
always fixed at the origin of the coordinate system. We look at many such systems 
side by side and ask what position the i-th chain link will occupy on average. The 
probability that it is at a distance between r and r+ dr from the zero point is 
according to Equation 19: 


3 3 1 3. r? 
W,.dr = ~- i a er? dr. (22) 
2 7 (24)? 


The contribution that the 7-th chain link makes to the mass density (g), at the 
distance r is therefore when mo is the mass of the individual chain link: 


2 


_3or 
Mo 5 3 . 3 . eae -e 4 ir? dr 
(0i)r = ae 
ead Arr? dr 


The chain links whose numbers lie between 7 and 7 + dz will together produce an 


average density of 
3 3 ab 2 
(do), = mo: ne eR di 
87 7 (12i)2 


at a distance of r. The chain links, whose numbers lie between Z, and Z2, therefore 
produce on average a mass density at a distance of r: 


Me. ay eae - 2 
(0)? = Mo- 5° : pe Pdi, 
A 8 (121) 2 


from which follows: 
3 37 1 
2 f1\? my [VIVA 3 
oere — 3 - (<) _ a | i e dz. (23) 
Vis 


If the distance r in which the mass density is sought is significantly smaller than 
Vl? - Z,, i.e. significantly smaller than the average distance in which the link with 
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the number Z, has the highest probability to be found, then one must replace 
i e~” dx by [x1 — x9] and in contrast to Equation 23 we arrive at: 


The requirements for the validity of Equation 24 are fulfilled in particular for the 
center of the tangle (r = 0). The corresponding equation could have already been 
obtained from Equation lla. So in particular we have: 


3 
war =7-(2)-@-(-). (25) 
4 \n Bo \WA VZe 

Now 43 is the density that the substance would assume if in every single cube with 
edge length | (= distance of one chain link from the next), the mass mo attributed 
to the individual chain link would be contained. If we are dealing with chains of 
paraffin hydrocarbons, 47 is approximately equal to the density that the substance 
itself would have if it were closest packed. For chains, such as polystyrene or 
high-polymer sugars, that have a similar / (length of the individual chain link) 
but larger mo (presence of phenyl groups or oxygen atoms, so to speak as side 
appendages of each chain link), 47 is greater than the density that the substance 
can assume in the solvent-free state. If then Z, ~ 4, Z. ~ 50 or 60 is set, one can 
recognize according to Equation 25, that conforming to our calculation, the average 
mass density generated by the 4th to 50th chain link at the center of the tangle 
can easily amount to 15 to 50 percent of the mass density of the pure solvent-free 
substance, depending on whether it is pure paraffin chains or chains to which O 
atoms or other groups are attached at the side. 


This remark is important because it shows that the assumptions under which 
Equation 25 and the relations preceding it, namely Equation 11, were calculated 
need correction. In fact, it is clear that the probability that chain link no. Z is 
located at a point where a previous chain link is already located must be zero, and it 
has been shown that these “occupied” areas in relation to the total space available 
are not negligible. 
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One can try to take this circumstance into account in the following way: According 
to Equation 16a, for the distance of the beginning of the molecule from the chain 
link no. Z, neglecting the spatial demand by the individual chain links and for 
statistically variable valence angles * the following applies: 


ie eee (16a) 


As a result of the space filling, 77 must be increased compared to this value, which, 
since the space filling effect depends on the total size of the chain, will be expressed 
in the fact that / is not a constant, but itself a function of Z . We set e.g.: 


Pe (26) 


where ¢ would mean a probably not very large exponent. We would then have: 


(rb =o V2>2E. (27) 


I (in Equation 26) would mean the effective distance” between two successive 
chain links, which is decisive for the dimension of the tangle, and J) would mean 
the actual distance between them. Under certain circumstances, a factor could 
be included in Jp that takes the ”thickness” of the chain links into account. The 
consideration of the spatial demand in the form of the approach according to 
Equation 26 may be partly justified by the fact that the determination of the angle 
6 between successive valences (with free rotation) could be traced back to the case 
of undetermined angles @ by introducing a corrected ” effective distance” (see page 
12) for the distance between successive chain links. 

The approach according to Equation 26 and Equation 27 would have the peculiarity 
that the distance \/rz becomes independent of whether the molecular dimension is 
determined directly after Equation 16a and Equation 26, or whether the chain is 
thought of as being segmented into N pieces per s links and the equations obtained 
are used twice in succession, firstly for determining the dimension of each part 
consisting of s-links and secondly for adding these links into a complete structure: 


For a unit of s-links we would get from Equation 27: 
Cs. lo : V/s s°, 


To combine NV of these units into the overall structure, 7; is to be used instead of 
lo. Taking Z = s- N into account, we get: 


7 =7,-VN-Ne =ly-Vs-s°-VN-Ne=ly-VZ- Ze. 


3For a fixed angle 8, 1 would have to be replaced by 1 - ,/ ee 
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so, as claimed, the result is Equation 27. 


The approach according to Equation 26 and Equation 27 would therefore include 
the assumption that initially the first s chain links provide a slightly enlarged sub- 
tangle as a result of the space being filled and that these sub-tangles at ”random” 
arrangement lead again as a whole to space filling effects, so that the overall tangle 
made up of the partial tangles is in turn enlarged in an even quantitatively analogous 
manner. This can also be expressed by saying that the pores left in the sub-tangles 
cannot be filled by parts of other sub-tangles. All of these assumptions are of course 
arbitrary, even if some of them are quite plausible, and could be replaced by other 
assumptions. They will play a role in the discussion of the law of viscosity. 


If, for a chain made up of five links, the distance from the beginning to the end 
of the chain is increased by 20 percent as a result of the space filling, compared to 
the case of the ”random” coil (ignoring the space filling), the size « in Equation 26 
and Equation 27 would then result out of the fact that 5° should be 1.2, from which 

¢ = 802) _ guise (28) 
log(5) 


would follow. 


9 Inequality of longitudinal and transverse 
dimensions of the ”random” tangle 


Before an evaluation of these relationships is carried out, particularly with regard to 
viscosity issues, the picture of statistically entangled molecules should be completed 
with regard to another direction. The previous treatment might give the impression 
that the external shape that a thread-like molecule takes on when entangled ” at 
random” would be the shape of a sphere. This is absolutely not the case. Rather, 
we will see that the most likely shape would be that of a bent ellipsoid (roughly the 
shape of a bean). 


In the analysis that led us to the Equation 11, we placed the beginning of the 
chain molecule at the zero point of the coordinate system, and we then calculated 
the distance rz, which is the distance between the end of the molecule and its 
beginning by statistical methods. For this distance, which we will now denote 
by ri, we got from Equation 12, Equation 13, Equation 16, and Equation 16a (if 
N2Z,AjL3F =?) 


rn w3- [2 -oe 2 vz. (16b) 


4In the case of fixed angles G, the factor ~ would have to be added to 1. 


16 


9 Inequality of longitudinal and transverse dimensions of the ”random” tangle 


When considering the shape of the individual entangled molecules, the direction 
that connects the starting point of the thread to the end point will represent a 
preferred direction, and we will therefore always render this direction the z axis 
for further consideration of the entangled shape. For each individual thread-like 
molecule, the coordinate system (fixed in the tangle) is set in a way that the thread 
both begins and ends on the z axis. The statistics for the expansion of the tangle 
in the x and y directions will now be completely different than when determining r, 
(where there was no restriction on the location of the end point). For the Z-linked 
chain it is easy to see that the largest values, which assume the x and y coordinates, 
are to be expected in the middle of the chain. We therefore find a measure of the 
transverse expansion of the tangle by finding the x and y coordinates of the chain 
link no. $2 ; 

We start with the expansion in the x direction. Very similar to the determination 
of r;, we will assume that the dice will be rolled Z times and that each time we 
will either proceed about the absolute value +b or —b in the x -direction. The 
condition now exists that after rolling the dice Z times, the number of positive 
steps (Z,) and the number of negative steps (Z2) must be equal: 


Z = Zo . (29) 


For the point (5Z ) we are looking for the numbers (P; positive and P, negative; 
P+ = 52 ) obtained up to this point are generally not equal to each other. We 
are interested in the difference, that is, in the size 


Equation 29 now implies that for the second ” branch” of the thread (Point 54 to Z ) 
Pi positive and Ps negative steps must be taken, where P/ — P; = —2p must be 
fulfilled. The probability of the event P, — P, = 2p; P{ — P} = —2p is now propor- 
tional to the number of possible realizations of this event. 


First we have: 


1 
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The number of ways to distribute P, positive characters among $Z positive and 


Z 
negative characters is equal to ( 2 ) and analogously for P/ equal to ( 2), The 
1 


number of ways to bring about these events at the same time is equal to the product 
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of these quantities, i.e. 


Wp, = (;,) | (7) 7 (, 


Since in general the following holds 
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so, very similar like subsequent to Equation 3, it follows that the most probable 
value of P, is 2 and the most probable x coordinate of the center of the thread is 
therefore equal to zero. To find the mean transverse expansion of the thread, we 
expand the function Equation 32 (or its logarithm) in a similar way to the function 
according to Equation 3 in the neighborhood of P, = 4 by the value P, — 4 = p. 


Very similar to there, we find using the STIRLING equation: 


(33) 
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Since a value p corresponds to an x coordinate x = 2b- p, it follows (analogous to 


Equation 9) that 
1 (8 1 a? 


is the probability that the center of the thread has an x coordinate between x and 
eb da. 
The y coordinate of the thread center is obtained analogously: 


Wye Se eed (35) 
Sos — -——-eE BZ . 

VI oO NZ Va - 

By combining Equation 34 and Equation 35, one obtains, analogously to Equation 10 


and Equation 11, the probability that the thread center (Point 54 ) has a distance 
from the z axis that lies between rz and re + dra: 


from which, because 
must hold, 


follows, so that 


1 _ 2r2 
W,» dre = 5 ez -2rodre, (36) 
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from which one obtains in a known manner: 
ee a (37) 


and 
Pe Hae, (38) 


It is interesting to compare the result with Equation 16b, which gave the length of 
the tangle (end-to-end distance). We find: 

7, 8 

+= = 4 2.55, 

1) TT 
which means that the average transverse expansion of the random coil is two to 
three times smaller than the average longitudinal expansion of the random coil. 


If we now not only transform the direction of the longitudinal expansion of the 
random coil to the z axis, but also at the same time the direction of the large 
transverse expansion (direction of the vector rz) to the y axis and the perpendicular 
to the x axis and denote the extent of the thread in this direction by r3, we find 
for r3 in a completely analogous manner as before for r9: 

4 1 4 r? 
W,., dr3 = ao -e 28 drs (39) 


ie (40) 


Y (41) 


One further recognizes that 


A particularly likely shape of the ”random” coil would be a” bean shape” with a 
ratio of length to width to thickness of approximately 

1: ee 62:32 T 

“Dy Bal 

Of course, other forms will also occur with high probability, as it is in the nature 
of statistical analysis that every conceivable form has a certain probability of being 
realized. 
Based on these considerations, the volume of the ”random” coil can be set approxi- 
mately equal to the volume of an ellipsoid, whose axes are given by the relationships 
Equation 12, Equation 37, and Equation 40. After that there results: 


4 T T 
V = Srirary T= E28 (42) 
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The specific viscosity of a solution that contains G cm? of dissolved substance 
(including swelling volume) per cm? solution would be if the dissolved particles 
have a length to thickness ratio of size , equal to, [7, 2], 


n G /s\? 
fy = 1=25-G+ 3 (=) (43) 
For ”randomly” tangled thread-like molecules, 4 would be of approximate size 3, 
so that the second term compared to the first in Equation 43 is negligible. 

If mo is the molecular weight of the basic substance of the chain molecule, so that the 
molecular weight of the Z-linked chain is equal to Z- mo, and if c gram equivalents 
of basic substance are dissolved per liter of the solution, then obviously 1 cm? of 
the solution contains an individual thread-like molecules (Nz; = AVOGADRO 
constant). The volume occupied by each of these molecules in the case of ”random” 
coiling is given by Equation 42, so that for such a solution the following holds: 


Jr c: Nz 373 
5 Vote, AA 
12 1000-Z °°” oe 


Tsp 
Cc 


becomes equal to 


Jr BeVZ 
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In this case, the size 


i.e. proportional to VZ. 
In the case of completely stretched thread-like molecules, the second term in 
Equation 43 would determine the viscosity and it would be 


rd? c: Nz 
G= +S: ; ZZ oh 
4 °° 1000-2" ° ms 

and as can be seen immediately: 

Bee 7 (46) 

C 

sO Ee proportional to the square of the chain length. Since according to STAUDINGER 
the size “® increases proportionally to Z and since theoretically in the case of 


random coils this size increases proportionally to WZ, and in the case of stretched 
rods would have to increase proportionally to Z?, then it can obviously be concluded 
that neither the case of ”randomly” coiled molecules nor the case of completely 
straight rigid molecules corresponds exactly to reality. 

However, it was emphasized above when developing the theory of the ” random” 
tangle that when deriving Equation 42 for the volume occupied by the particles 
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in the solution, the space filling caused by the individual chain links themselves 
was neglected. It was shown that this effect can be taken into account using an 
approach of the form according to Equation 26 and Equation 27, and it was found 
that if, for a five-linked chain, due to the space filling by the individual chain links 
an enlargement of the random coil would occur by 20 percent, the exponent ¢ in 
Equation 26 and Equation 27 would have to be set equal to 0.113. The particle 
volume would then result instead of Equation 42 as 


vie 770-34 


and it would come: : 

Mp o5. VE bY poss 

eC 12 1000 

As a result of this correction, the exponent, which indicates the dependence of the 
viscosity on the chain length, would be increased from 0.5 to 0.84, i.e. set pretty 
close to 1. It should be emphasized that the value 0.84 in no way represents a 
preferred or particularly likely value of the ” theoretical” exponent, in that other 
values of this exponent (larger or smaller) could also be obtained through other 
quantitative assumptions about the space filling. (If the enlargement of the five- 
linked coil had been set at 25 percent instead of 20 percent, the number 0.92 would 
have been obtained instead of 0.84.) 


(47) 
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11 Strain and orientation birefringence in thread-like 
molecules 


About two years ago I had the opportunity (loc. cit.), when considering the 
flow birefringence observed in colloidal solutions, to determine that the stream 
birefringence observed in solutions of high-polymeric substances can be considered 
qualitatively and in terms of its approximate size also quantitatively as a strain 
birefringence evoked on the suspended entangled molecules caused by the tensile 
and compressive forces of the flowing solution. I would like to take the opportunity 
at this point to return to this explanation, which is probably correct in principle, 
because it was discussed by R. SIGNER and H. GROSS in a paper published some 
time ago on the stream birefringence of sols consisting of high-polymeric substances, 
[9]. 

This work contains a number of interesting experimental findings which, even 
when viewed crudely, show agreement with the expectations regarding more or less 
entangled molecular shapes. On page 185 of the work mentioned, for example, a 
table is given according to which polystyrenes, whose molecular weights behave 


like mG ~ 23 in one percent solution provide stream birefringences that behave 
like a = a If we assume rod-shaped particles that only differ in their length 


(which should be proportional to the molecular weight), the expected birefringence 
would have to be proportional to the cube of the molecular length, [8], and the 
birefringence values of the two sols should behave like am There are differences of 
several orders of magnitude between the experimental birefringence and the birefrin- 


gence to be expected if a rod shape form is assumed. 


According to the previously reported considerations about stream-strain birefrin- 
gence (loc. cit.), the observable birefringence in the case of particles that are not 
very elongated was as follows: 


(€, — €2) would be the mechanical birefringence caused by the force of 1 dyn cem~? 


on the swollen particles, g the flow gradient and & is the ratio of the volumes of the 
swollen particle to the volume of the dry substance. The size (€; — €2) was shown 
to remain constant within certain limits®. When comparing one percent solutions, 
Go is a constant and the expected stream birefringence would be approximately 
proportional to ae According to the previous statistical considerations, S would 
be proportional to the square root of the number of chain links and therefore 
proportional to the root of the molecular weight if the filling of the space of the 


individual chain links is to be neglected. If the space filling effect is taken into 


°The fact that this constancy applies across the entire range to which the considerations relate is 
of course a hypothesis. 
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account, one would get proportionality with ./@°°* to .@°”° according to Equation 28. 
The numbers for which equality would be required under this view are (9.3)°° and 
14; This is a very rough, but still order of magnitude agreement. At an earlier 
point in the above-mentioned work by SIGNER and GROSS, the assumption is made 
that the large molecular weights would have to be increased. Instead of (9.3)°°, it 
would be advantageous to set a larger number, which would improve the agreement. 
Under no circumstances should birefringence increase in proportion to .@*, which 
would be required if the hypothesis of stretched rod molecules were correct. 

In the same paper by SIGNER and Gross, the objection was raised against my 
attempted determination of particle size from stream birefringence data that the 
treatment I carried out of BROWNian rotational motion was not permissible, 
because this movement is too intensive for the small particles in question. On page 
183 of the above-mentioned work the claim is made that the BROWNian motion 
carried out by the particles must be slow compared to the movements imposed by 
the external forces if one applies STOKES’s law. This objection can be rejected 
because it contradicts experimental experience and the methods of particle size 
determination that are already known as classic: 


1. The (electrically charged) particles of colloidal gold or selenium suspensions 
migrate in the applied electric field with a migration speed that is exactly 
proportional to the applied voltage. With a molecular weight of around 10°, 
the particles have an average translational speed of a few meters per second. 
To my knowledge, no one has yet claimed that STOKES’ law is only applicable 
to particles when the speeds imposed on the particles by external forces are 
around ten meters per second. 


2. The principle of particle size determination according to EINSTEIN and 
PERRIN is based on the fact that the falling speed of the particles in a 
suspension, which is expected to be based on STOKES’s law, is superimposed 
in an undisturbed way with the BROWNian motion of the particles, whereby 
the distances covered as a result of Brownian motion are a multiple of the 
distances covered as a result of falling motion. 


3. Even if one scales down to molecular dimensions with the particle size, 
STOKES’s law, i.e. the proportionality of the translational speed with the 
force acting on the particle, remains strictly preserved. The validity of this 
law has been confirmed by measuring the translational speed (electrical 
conductivity) which ions in a liquid assume under the effect of applied electric 
fields, from the smallest to the largest applied field strengths, even when 
changing the solvent®. However, the only requirement that must be made 
to maintain the validity of the law that “® increases proportionally to the 
square of the length of rod-shaped particles, and to obtain the particle length 


°Cf. especially [1] 
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from the stream birefringence, consists in the case of my considerations, in 
the assumption that the frictional force that acts on a particle moving in the 
liquid is proportional to the translational speed of the particle. Since the 
correctness of this approach cannot be doubted, I believe that from this point 
of view the conclusions cannot be questioned. 


Quite independently of this discussion, on the other hand, I would not like to 
consider strain birefringence and orientation birefringence under all circumstances 
as mutually incompatible or mutually exclusive opposites respectively. Rather, I 
believe that precisely because of the statistical considerations described above, a 
transition from pure strain birefringence in high-polymeric materials to a partial 
orientation birefringence in low-molecular materials (the same polymer-homologous 
series) must be expected. Since the longitudinal extent of the tangled molecule is 
proportional to WZ, i.e. proportional to the square root of the number of individual 
steps to be taken from the beginning to the end of the molecule, it follows that the 
number of steps to be taken in the longitudinal direction of the tangle is slightly 
larger than the number of steps taken in other directions. As a result of this, 
there must be an optical preference of the longitudinal direction of the particle, 
i.e. an intrinsic birefringence that can be observed on the particle. For small 


values of Z this birefringence will be approximately proportional to TR but for 
larger Z values it will decrease faster (at least proportional to $ ). In any case, 
a noticeable intrinsic birefringence is to be expected at small Z and a vanishing 
intrinsic birefringence at large Z. A quantitative treatment of this question can 
be done on the basis of the statistical considerations provided, but requires a 
refinement of the same, in particular the development of further approximations. 
Incidentally, the orientational effects (strain birefringence) produced mechani- 
cally on the particles can also depend on the chain length Z, as will the strain 


birefringence be related to a stretching or partial coiling up of the tangles. 
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Statistical considerations are made regarding the shape that chain-shaped molecules 
suspended in a solution (or in the gas space) can take as a result of the valence 
angulation and free rotation. 

With small changes to the constants that occur, the obtained relationships also 
apply in the case of limited rotation and fixed to completely ”random” valence 
angulation. 

A particularly likely outer boundary of the randomly” tangled thread-like molecule 
is that of a strongly bent ellipsoid whose axes has proportions approximately like 
6:2,3:1. 

If the inherent volume of the individual parts of the thread is neglected when 
building the random coil, the result is a tangle volume that increases proportionally 
with VZ (Z = number of chain links), and thus a specific viscosity, which would 
increase proportionally with /Z. 

However, taking into account the volume occupied by the individual parts of the 
thread results in an expansion of the random coil, which explains the linear increase 
in viscosity with the number of links Z at least partially, perhaps even completely. 
Experiments on the rate of formation of rings with a large number of links also 
indicate a significant expansion of the tangles, combined with a reduced rate of 
diffusion of the tangle components contained inside the random coil in relation to 
another. 

It is shown that the tangled thread-like molecules give rise to an inherent birefrin- 
gence in such a way that this becomes noticeably small for low-molecular-weight 
products and vanishingly small for high-molecular-weight products. 


+———_——_——_¢S3) —___—_+ 


25 


References 


References 


[1] 


[2] 


10 


11 


12 


L. Ebert and C. Tubant. Elektrochemie 1. Teil. Leitfihigkeit und Uberfiih- 
rungszahlen, volume 12. Akademische Verlagsgesellschaft, Leipzig, 1932. 


R. Eisenschitz. Der Einfluss der BROWNschen Bewegung auf die Viscositat 
von Suspensionen. Zeitschrift fiir physikalische Chemie, Abt. A, 163(2):133-141, 
1933. 


H. Eyring. The Resultant Electric Moment of Complex Molecules. Physical 
Review, 39(4):746-748, 1932. 


W. Haller. Molekiilgestalt und Solvatation. Kolloid-Zeitschrift, 56(3):257-267, 
1931. 


W. Haller. Orientierung und Deformierung disperser Teilchen in stromenden 
Flissigkeiten. Kolloid-Zeitschrift, 61(1):26—41, 1932. 


W. Kuhn. Uber quantitative Deutung der Viskositat und Strémungsdoppel- 
brechung von Suspensionen. Kolloid-Zeitschrift, 62(3):269-285, 1933. 


W. Kuhn. Uber quantitative Deutung der Viskositat und Strémungsdoppel- 
brechung von Suspensionen. Kolloid-Zeitschrift, 62(3):269-285, 1933. particu- 
lary equation (15b). 


W. Kuhn. Uber quantitative Deutung der Viskositat und Strémungsdoppel- 
brechung von Suspensionen. Kolloid-Zeitschrift, 62(3):269-285, 1933. particu- 
lary equation (10). 


R. Signer and H. Gross. Uber die Strémungsdoppelbrechung verdiinnter Lésun- 
gen der Molekiilkolloide. 83. Mitteilung tiber hochpolymere Verbindungen. 
Zeitschrift fiir physikalische Chemie Abt. A, 165(3):161-194, 1933. 


H. Staudinger. Der Aufbau der hochmolekularen organischen Verbindungen. 
Naturwissenschaften, 22:65—71, 1934. 


H. Staudinger. Der Aufbau der hochmolekularen organischen Verbindungen. 
Naturwissenschaften, 22:84-89, 1934. 


K. Ziegler, H. Eberle, and H. Ohlinger. Uber vielgliedrige Ringsysteme. I. 
Die praparativ ergiebige Synthese der Polymethylenketone mit mehr als 6 
Ringgliedern. Justus Liebigs Annalen der Chemie, 504(1):94-130, 1933. 


26 


